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Symmetries and Lagrangian
time-discretizations of Euler equations
Alexei V. Penskoi∗
Abstract
In the late 80s - early 90s J. Moser and A. P. Veselov considered
Lagrangian discrete systems on Lie groups with additional symmetry
conditions imposed on Lagrangians. They observed that such systems
are often integrable time-discretizations of integrable Euler equations
on these Lie groups. In recent papers we studied Lagrangian discrete
systems with additional symmetry requirements on certain infinite-
dimensional Lie groups. We will discuss some interesting properties
of these systems.
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1 Introduction
The goal of this talk is to review some recent results in discrete La-
grangian systems [1, 2, 3, 4].
Let M be a manifold and L be a function on M ×M. The discrete
Lagrangian system with the Lagrangian L is the system of difference
equations
δS = 0,
which describes the stationary points of the functional S = S(X),
defined on the space of sequences X = (xk), xk ∈ M,k ∈ Z by a
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formal sum
S =
∑
k∈Z
L(xk, xk+1).
Sometimes this system has a continuous limit; in that case it is called a
discrete version of the corresponding system of differential equations.
For integrable equations it is natural to ask for discretizations
which are also integrable. The theory of integrable Lagrangian dis-
cretizations of classical integrable systems was initiated by Moser and
Veselov [5, 6].
Let us assume thatM is a Lie group G. It was observed by Veselov
and Moser [5, 6, 7, 8] that symmetric
L(x, y) = L(y, x)
and right-invariant (or left-invariant)
∀g ∈ G L(xg, yg) = L(x, y)
Lagrangians often correspond to integrable systems which are dis-
cretizations of the Euler equations corresponding to some right-
invariant (or left-invariant) metrics on G.
In particular, it was shown that the discrete Lagrangian sys-
tem on the orthogonal group O(n) with the Lagrangian L(X,Y ) =
tr(XJY T ), where X,Y ∈ O(n) and J is a symmetric positive-defined
matrix, can be considered as an integrable discrete version of the
Euler-Arnold top [9].
The first attempt to generalize this approach to the infinite-
dimensional situation was done in [7], where the case of the group
of area-preserving plane diffeomorphisms SDiff(R2) was considered.
This paper was followed by recent papers [1, 2, 3, 4] where discrete
Lagrangian systems on the Virasoro group have been discussed. The
interest in the Virasoro group was motivated by the important obser-
vation due to Khesin and Ovsienko [10] that the Korteweg-de Vries
equation can be interpreted as an Euler equation on the Virasoro alge-
bra. This result was later generalized by Misio lek [11] and Khesin [12].
They remarked that the Euler equation corresponding to the right-
invariant H1α,β-metric on the Virasoro group has the form
α(vt + 3vvx)− β(vxxt + 2vxvxx + vvxxx)− bvxxx = 0.
This is a three-parameter family of integrable equation including the
Camassa-Holm, the Hunter-Saxton and the Korteweg-de Vries equa-
tions.
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The plan of the talk is following. We shall start by recalling the ba-
sic facts about the Euler equation in Section 2 and the Virasoro group
in Section 3. Then we will expose in Section 4 results of Ovsienko,
Khesin and Misio lek [10, 11, 12] concerning Euler equations on the
Virasoro group. Section 5 is devoted to discrete Lagrangian systems,
and the final Section 6 contains results on discrete Lagrangian systems
on the Virasoro group.
2 The Euler equation
Let G be a Lie group, g its Lie algebra. A right-invariant metric on
G is completely defined by its restriction to g
( , ) : g× g→ R.
This scalar product on g defines a linear map A : g −→ g∗ such that
(ξ, η) = 〈Aξ, η〉,
where ξ, η ∈ g and 〈 , 〉 denotes the natural pairing between g and g∗.
The operator A is called the inertia operator.
To describe a geodesic g(t) on G corresponding to ( , ), we transport
its velocity vector to the identity by the right translation
v(t) = Rg−1(t)∗
d
dt
g(t).
Since v(t) is an element of g, we can consider m = Av which is an
element of the dual space g∗. Thenm satisfies the Euler equation given
by the following explicit formula:
dm
dt
= −ad∗A−1mm. (1)
This is a standard result which can be found in [9]. If we start with
a left-invariant metric, the sign in (1) is reversed. Since A is non-
degenerate, one can rewrite the Euler equation in terms of v on the
Lie algebra g.
Example 1. [9] Let us consider SO(N).We identify the dual space
so(N)∗ with the algebra so(N) using the standard product trXY T in
the space of N ×N matrices. Let J be a symmetric positive-definite
matrix. The inertia operator defined as
AΩ = JΩ+ ΩJ, Ω ∈ so(N)
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gives the Euler equation on SO(N). It can be written in a more fa-
miliar form as a system
{
M˙ = [M,Ω],
M = JΩ+ ΩJ.
This is the Euler-Arnold equation for the N -dimensional rigid body.
Example 2. [9] Let us consider the group SDiff(R2) of volume-
preserving diffeomorphisms of R2. The corresponding Lie algebra is the
algebra of all vector fields with divergence 0 on R2. Let us consider
the scalar product of two such vector fields defined as
(v1, v2) =
∫∫
R2
v1 · v2 dx1dx2,
where · denotes the standard scalar product of vectors in R2. We can
find the Euler equation corresponding to this scalar product. We will
write it on the Lie algebra in the following form:
{
∂v
∂t
+ v∇v = −grad p,
div v = 0.
This is the two-dimensional Euler equation for the ideal fluid. Here p
is a pressure, it is some unknown function which plays the role of a
Lagrangian multiplier defined by the constraint div v = 0.
3 The Virasoro group and the Vira-
soro algebra
Let Diff+(S
1) be the group of diffeomorphisms of S1 preserving the
orientation. We shall represent an element of Diff+(S
1) as a diffeo-
morphism f : R→ R such that
1. f ∈ C∞(R),
2. f ′(x) > 0,
3. f(x+ 2pi) = f(x) + 2pi.
Such a representation is not unique. Indeed, the functions f+2pik, k ∈
Z represent one element of Diff+(S
1).
There exists a non-trivial central extension of Diff+(S
1) which is
unique up to an isomorphism
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This extension is called the Virasoro group (or the Bott-Virasoro
group) and is denoted by Vir. Elements of Vir are pairs (f, F ), where
f ∈ Diff+(S1), F ∈ R. The product of two elements is defined with
the help of the Bott cocycle as
(f, F ) ◦ (g,G) = (f ◦ g, F +G+
2pi∫
0
log(f ◦ g)′ d log g′).
The unit element of Vir is (id, 0). The inverse element of (f, F ) is
(f−1,−F ).
The Virasoro algebra vir is a Lie algebra corresponding to the
Virasoro group. It is the central extension of the algebra vect(S1) of
vector fields on the circle S1
vir = vect(S1)⊕ R.
We represent an element of vect(S1) as v(x)∂x, where v is a 2pi-periodic
function. Thus an element of the Virasoro algebra is a pair (v(x)∂x, a).
The algebra commutator in vir is defined with the help of the Gelfand-
Fuchs cocycle as
[(v(x)∂x, a], [w(x)∂x, b]) = ((−vwx + vxw)(x)∂x,
2pi∫
0
vxxxw dx).
4 The Euler equation for the H1α,β-
metric on the Virasoro group
In 1987 Khesin and Ovsienko remarked [10] that the Korteweg-
de Vries equation can be interpreted as an Euler equation on the
Virasoro group. This result was later generalized by Misio lek [11] and
Khesin [12] in the following way.
Let α and β be two non-negative real numbers such that α2+β2 6=
0. Let us define theH1α,β-metric on the Virasoro algebra by the formula
((v(x)∂x, a), (w(x)∂x, b))H1
α,β
=
∫ 2pi
0
(αv(x)w(x)+βvx(x)wx(x)) dx+ab.
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Theorem 1 The Euler equation corresponding to the right-invariant
H1α,β-metric on the Virasoro group has the form
α(vt + 3vvx)− β(vxxt + 2vxvxx + vvxxx)− bvxxx = 0, (2)
bt = 0.
Since b is a constant, we can consider (2) as an equation for v
depending on three constants α, β, b. We obtain a three-parametric
family of integrable equations which we call the Camassa-Holm fam-
ily. The reason for this name is the following. We have a freedom
of multiplication of the equation by a non-zero constant, the two-
dimensional scaling symmetry group v → λv, t → µt, x → λµx and
the Galilean group v → v + c, x → x + dt, t → t. Modulo these sym-
metries we have just one generic orbit, containing the equation with
α = 1, β = 1, b = 0 :
vt − vxxt + 3vvx − 2vxvxx − vvxxx = 0,
which is one of the canonical forms of the Camassa-Holm shallow-
water equation [13]
vt + 2κvx + γvxxx − vxxt + 3vvx − 2vxvxx − vvxxx = 0.
We have also four degenerate orbits. When α 6= 0, β = 0, b 6= 0 the
equation (2) is equivalent to the KdV equation:
vt + 3vvx + vxxx = 0.
Further degeneration α 6= 0, β = 0, b = 0 leads to the dispersionless
KdV equation (sometimes also called the Hopf equation):
vt + 3vvx = 0.
When α = 0, β 6= 0 we have the Hunter-Saxton equation [14]
vxxt + 2vxvxx + vvxxx = 0.
Finally if both α and β are zero (but b is not) we simply have
vxxx = 0.
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5 Discrete Lagrangian systems
The definition of a discrete Lagrangian system is already done in In-
troduction. Also, we have already mentioned in Introduction the ob-
servation by Veselov and Moser that symmetric and right-invariant
(or left-invariant) Lagrangians often correspond to integrable systems
which are discretizations of the Euler equations corresponding to some
right-invariant (or left-invariant) metrics on G. Let us consider some
examples.
Example 3. [6] Let us consider the group SO(N). Let J be a
symmetric positive-definite matrix. The Lagrangian
L(X,Y ) = tr(XJY T )
is left-invariant and symmetric. Let us introduce the discrete angular
velocity ωk = X
T
k Xk−1 and the discrete angular momentum Mk =
ωTk J − Jωk. The discrete Euler-Lagrange equation δSδXk = 0 can be
written in the following form (discrete Euler-Arnold equation).
{
Mk+1 = ωkMkω
−1
k ,
Mk = ω
T
k J − Jωk.
This equation is integrable and its continuous limit is the Euler-Arnold
equation of N -dimensional rigid body considered in the Example 1.
Example 4. [7, 15] Let us consider the group SDiff(R2). The La-
grangian
L(f, g) =
∫∫
R2
tr(J(f)J(g)−1) dx1dx2,
where f, g ∈ SDiff(R2) and J is the Jacobian, is right-invariant and
symmetric. Let ϕ = fk ◦ f−1k−1, ψ = fk+1 ◦ f−1k and χ = ϕ−1. The dis-
crete Euler-Lagrange equation δS
δfk
= 0 can be written in the following
form. 

ψ1 = τx1 + a1 − χ1
ψ2 = τx2 + a2 − χ2
trJ(ϕ) = τ.
In these equations τ, a1, a2 are constants, ψi, i = 1, 2 are components of
ψ = (ψ1, ψ2) : R
2 → R2, and χi, i = 1, 2 are defined in the analogous
way. This discrete system is integrable. If τ = 2 one can find the
continuous limit {
vt + v∇v = 0,
div v = 0.
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This is an equation of the isobaric flow, a particular case of the two-
dimensional Euler equation for the ideal fluid when the pressure is
equal to zero.
6 Discrete Lagrangian systems on the
Virasoro group
In this section we present some results of papers [1, 2, 3, 4]. Let us
consider discrete Lagrangian systems on the Virasoro group. It was
explained in Section 5 that it is natural to consider right-invariant
symmetric Lagrangians.
We shall use the following simple observation to construct La-
grangians. Let us consider a Lagrangian L(x, y) on a Lie group G.
Let H(x) = L(x, e), where e is the identity element of G. A right-
invariant Lagrangian L(x, y) is completely determined by H. Indeed,
L(x, y) = L(xy−1, e) = H(xy−1).
Let us now consider a right-invariant symmetric Lagrangian. It
is easy to see that symmetric Lagrangian corresponds to inverse-
invariant function H :
H(x−1) = H(x).
Let us start by considering the discrete Lagrangian systems on Vir
corresponding to the functions H of the following form [4]
H((f, F )) = F 2 +
2pi∫
0
V (f(x)− x, f ′(x)) dx, (3)
where f is a diffeomorphism, F ∈ R, and V (x1, x2) is an arbitrary, 2pi-
periodic in x1 function of two variables, which satisfies the condition:
V1(0, 1) = 0.
Let us explain a motivation for such a choice of H. We are inter-
ested in Lagrangian time-discretizations of the Camassa-Holm family.
This family corresponds to H1α,β-metrics, and these metrics depend on
elements of the algebra and their first derivatives. So it is natural to
consider a function H of the form
H((f, F )) = F 2 +
2pi∫
0
U(f(x), f ′(x), x) dx, (4)
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where U(x1, x2, x3) is an arbitrary function that is 2pi-periodic with
respect to the first argument. Periodicity of V or U is related to the
fact that f(x) and f(x)+2pi represent the same diffeomorphism of S1.
However, it turns out that the continuous limit of the system corre-
sponding to (4) is, in general, some quite boring ODE having nothing
in common with Euler equations. To obtain something interesting,
it is necessary to impose the additional conditions that U has the
form U(x1, x2, x3) = V (x1 − x3, x2) and V1(0, 1) = 0. In this case the
continuous limit is some equation from the Camassa-Holm family.
The form (3) is very general since the difference f(x)−x, which is
a 2pi-periodic function, is as natural as f(x) itself. The only property
which might look artificial is the last condition on the partial derivative
of V . See [4] for a detailed discussion.
In general, the Lagrangian corresponding to (3) is not symmetric.
Hence, it is not expected to give us an integrable system. Nevertheless,
it is interesting to look at such Lagrangians because of the following
interesting phenomenon. In general, if we consider a Lie group G,
a continuous limit of a right-invariant discrete Lagrangian system is
a geodesic flow corresponding to some right-invariant metric. This
geodesic flow is, in general, not integrable. Let us for example look
at the case of SO(N). It is known that for N > 3 a geodesic flow
of a general right-invariant metric is non-integrable (see e.g. [16]).
Hence, the result on the Virasoro group turns out to be surprising: in
spite of the fact that the class of discrete systems we consider (3) is
quite general, in the continuous limit we have the family of integrable
equations. There are integrable cases of the Euler equations on SO(N)
(for example the Manakov metrics [17]) but no analogues of the result
for the Virasoro group are known for them.
The heuristic explanation of this phenomenon is that the equations
of the Camassa-Holm family can be considered as nonlinear analogues
of the harmonic oscillators on the Virasoro group: in the first ap-
proximation all Hamiltonian systems near equilibriums behave like
harmonic oscillators. Thus, in some sense this demonstrates a univer-
sal nature of the Camassa-Holm family of equations. See Discussion
in [4] for more details.
Let us now consider the question of the integrability of discrete
Lagrangian systems on the Virasoro group. Unfortunately we do not
know examples of such systems, but we have good candidates for in-
tegrability. A good candidate to be an integrable discretization of the
KdV equation was considered in [2], but it is the case of the discretiza-
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tion of the Hunter-Saxton equation [3] which is most promising. Let
us consider this case.
The Hunter-Saxton equation corresponds to the Euler equation for
the H10,1-metric. This metric depends only on first derivatives of al-
gebra elements. Hence, it is natural to look at such functions H (3)
that V depends only on f ′. As it was explained before, it is natu-
ral to study right-invariant symmetric Lagrangians when looking for
integrable systems, and symmetric Lagrangians correspond to inverse-
invariant functions H.
It can be easily verified that functions H of the form
H((f, F )) = F 2 +
2pi∫
0
V (f ′(x)) dx (5)
are inverse-invariant when the function V satisfies the condition
xV
(
1
x
)
= V (x). (6)
The simplest function V satisfying the property (6) is V (x) =
√
x. Let
us consider this case.
We have V (x) =
√
x. The function V definesH as described in (5).
The function H defines a Lagrangian L as described above:
L((fk, Fk), (fk+1, Fk+1)) = H((fk, Fk) ◦ (fk+1, Fk+1)−1).
Hence we are considering a functional
S =
∑
k∈Z
L((fk, Fk), (fk+1, Fk+1)),
where {(fk, Fk)} is a sequence of points on Vir.We can find the Euler-
Lagrange equations δS
δ(fk ,Fk)
= 0. They are [3]:
−Ωk +Ωk+1 = 0, (7)
[
−2Ωk(log((ωk)′))′ − 1
2
√
(ωk)′+
+2Ωk+1(log((ω
−1
k+1)
′))′ − 1
2
√
(ω−1k+1)
′
]
′
= 0, (8)
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where (ωk,Ωk) and (ωk+1,Ωk+1) are discrete analogues of angular ve-
locities,
(ωl,Ωl) = (fl−1, Fl−1) ◦ (fl, Fl)−1, l ∈ Z.
The equation (7) is just saying that Ωk is an integral, Ωk = Ω. As
for (8), we can integrate this equation once and put
Φ =
1√
(ωk)′
, Ψ =
1√
(ω−1k+1)
′
.
We obtain the equation
8Ω
(
−Φ
′
Φ
+
Ψ′
Ψ
)
+
1
Φ
+
1
Ψ
+ C = 0,
where C is a constant of integration. This equation is equivalent to
the equation
Ψ′ +Ψ
(
C
8Ω
+
1
8ΩΦ
− Φ
′
Φ
)
+
1
8Ω
= 0.
This is a linear first-order differential equation for Ψ with periodic
coefficients depending on Φ. For generic Φ it has only one solution, so
Ψ is determined by Φ up to a constant C. Reconstructing ω−1k+1 from
Ψ, we obtain another constant, so we have a following result: ωk+1 is
obtained from ωk by a two-parametric correspondence. To find ωk+1
starting from ωk, we must solve a first-order linear differential equation
to find ω−1k+1, and then reconstruct ωk+1 from ω
−1
k+1 by inversion. The
analogous situation was observed in the case of SDiff(R2) [7] which is
integrable [15]. For this reason we consider system (7,8) to be a good
candidate for an integrable Lagrangian discretization of the Hunter-
Saxton equation. See [3] for more detailed discussion.
It should be remarked, that one can obtain the Hunter-Saxton
equation as an Euler equation not only on the Virasoro group, but
also on the group of orientation-preserving diffeomorphisms of the
circle. This leads to a particularly simple discretization
[√
(ωk)′ +
√
(ω−1k+1)
′
]
′
= 0,
which also has some nice properties, see [3] for details.
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